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In the framework of perturbative QCD, we study the Dalitz decays J/ψ → η(′)e+e− with large recoil mo-
mentum. Meanwhile, the soft contributions from the small recoil momentum region and the VMD corrections
have also been taken into account. The transition form factors fψη(′)(q
2) including the hard and soft contribu-
tions as well as the VMD corrections are calculated for the first time. By analytical evaluation of the involved
one-loop integrals, we find that the transition form factors are insensitive to both the light quark masses and the
shapes of η(′) distribution amplitudes. With the normalized transition form factors, our results of the branching
ratios B(J/ψ → η(′)e+e−) and their ratio ReJ/ψ = B(J/ψ → ηe+e−)/B(J/ψ → η′e+e−) are in good
agreement with their experimental data. Furthermore, by the ratio ReJ/ψ , we extract the mixing angle of η − η′
system φ = 34.0◦±0.6◦ and comment on this result briefly. Inputting the mixing angle φ extracted fromReJ/ψ ,
we predict the branching ratios B(J/ψ → ηµ+µ−) = 3.64× 10−6, B(J/ψ → η′µ+µ−) = 1.52× 10−5 and
their ratio RµJ/ψ = 23.9%.
I. INTRODUCTION
The decays of charmonia into light hadrons have received a great deal of attention in the past few decades both experimentally
and theoretically, since they provide us with invaluable information on quantum chromodynamics (QCD) strong interactions be-
tween quarks and gluons. In the QCD picture, the decays of charmonia into light hadrons are expected to proceed predominantly
via cc¯ annihilation with an intermediate state containing only gluons, so they are ideal for the study of light hadron production
mechanisms and the involved dynamical information can be extracted. In recent years, several groups have revisited the radiative
decays J/ψ → γη(′) [1–6] as well as hc → γη(′) [7] in the framework of perturbative QCD (pQCD), since these decay processes
are related to the issue of η − η′ mixing from which the mixing angle φ and the decay constants fq(s) can be extracted [2, 6, 7].
Furthermore, these investigations show that the pQCD approach is still useful for our understanding of the charmonium physics.
Recently, the BESIII Collaboration has updated the measurements of the electromagnetic (EM) Dalitz decays J/ψ →
η(′)e+e− with the branching ratios B(J/ψ → ηe+e−) = (1.43 ± 0.04 ± 0.06) × 10−5 [8] and B(J/ψ → η′e+e−) =
(6.59±0.07±0.17)×10−5 [9]. As the EM Dalitz decays of light vector mesons (ρ0, ω, φ), which have attracted much attention
in both experiment [10–15] and theory [16–21], these decay processes also provide a clean environment to study the dynamical
structure of the transition form factors (TFFs) fV P (q2) and offer a potential role in the theoretical determination of the hypo-
thetical dark photon (i.e., the U-boson ) [8, 9, 17, 22]. In addition, the Dalitz decays J/ψ → η(′)`+`− (` = e, µ) are especially
interesting since they involve the production of the light mesons η(′), which are of great phenomenological importance because
of η and η′ mixing effects.
In the literature, the Dalitz decays J/ψ → η(′)`+`− have been studied in different approaches [22–24]. In works [22, 24],
the normalized TFFs Fψη(′)(q2) were parameterized as a simple pole form and the branching ratios of J/ψ → η(′)`+`− were
calculated with the vector meson dominance (VMD) model. Although their predictions of the branching ratios B(J/ψ →
η(′)e+e−) are compatible with the experimental measurements [8, 9], the normalized TFFs Fψη(′)(q2), which are defined as
Fψη(′)(q
2) ≡ fψη(′)(q2)/fψη(′)(0) in their papers [22, 24], would gloss over the dynamical information from the QCD processes
where the dynamical information will offer us an insight into the nature of the Okubo-Zweig-Iizuka (OZI) rule [25, 26] and
the UA(1) anomaly as well as the η − η′ mixing [2, 6, 27–30]. Therefore, a good theoretical study of the TFFs fψη(′)(q2) (or,
the normalized TFFs Fψη(′)(q2)) should include the dynamical information of the mesons’ structure. We will present detailed
discussions in a later part. Besides the phenomenological model, Chen et al. [23] studied these Dalitz decay processes with the
effective Lagrangian approach, and they confirmed that the J/ψ → η(′)γ(∗) processes were predominantly dominated by the
J/ψ → ηcγ(∗) → η(′)γ(∗) mechanism. Perhaps this may be less reliable [6].
In principle, there are several types of contributions to the TFFs involved in the EM Dalitz decay processes J/ψ → η(′)`+`−:
(i) In the large recoil momentum region, q2 ' 0, the contributions are dominated by the hard mechanism, which can be calculated
in the framework of pQCD. Just as our recent investigations [6, 7], the pQCD approach can be well employed in the radiative
decay processes J/ψ(hc) → γη(′). (ii) In the small recoil momentum region, q2 ' q2max, phenomenologically, the TFFs
can be interpreted as the wave function overlap [31]. Namely, the corresponding contributions (i.e., soft contributions) are
∗ Electronic address: hejk@mails.ccnu.edu.cn
† Corresponding author: fancj@mails.ccnu.edu.cn
ar
X
iv
:2
00
5.
13
56
8v
1 
 [h
ep
-p
h]
  2
7 M
ay
 20
20
2governed by the overlap of their wave functions. (iii) In some resonance regions, such as q2 ' m2ρ, m2ω, m2φ, the resonance
interaction between photons and hadrons is predominant, which can be universally described by a vector meson dominance
(VMD) model [16]. It is worth noting that this mechanism provides only small corrections to the branching ratios B(J/ψ →
η(′)`+`−) in the whole region due to the suppression of the kinematic factors, and more details can be found in the later sections.
In this work, we include the contributions from the hard mechanism and the soft wave function overlap to study these Dalitz
decay processes J/ψ → η(′)`+`−. In addition, we also comment the contributions from VMD. It should be pointed out that the
radiative corrections are also important in the case of electron pair production. However, a full analysis of radiative corrections
seems highly impractical since it would require a two-loop calculation. Of course, the radiative corrections are negligibly small
in the case of muon pair production [16].
In this paper, a detailed perturbative QCD analysis of the Dalitz decays J/ψ → η(′)`+`− are presented. In the large recoil
momentum region, we evaluate analytically the involved one-loop integrals, and find the TFFs barely depend on the light quark
masses and the shapes of the light meson distribution amplitudes (DAs), which is compatible with the situation in the decay
processes J/ψ → γη(′) [6] as well as hc → γη(′) [7]. Considering the contributions from the hard and soft processes as well as
the VMD corrections, our result of the normalized TFF Fψη(q2) is in good agreement with the experimental data. By using the
phenomenological parameters of η − η′ mixing extracted from the decay processes J/ψ → η(′)e+e−, we obtain the predictions
of the branching ratios B(J/ψ → η(′)µ+µ−) and their ratio RµJ/ψ .
The paper is organized as follows. The theoretical framework for the decay processes J/ψ → η(′)`+`− is presented in
section II. In section III we present our numerical results and some phenomenological discussions while section IV is our
summary.
II. THEORETICAL FRAMEWORK
A. Hard mechanism
1. The contributions of the quark-antiquark content of η(′)
For the quark-antiquark content of η(′), one of the leading order Feynman diagrams for the decay processes J/ψ → η(′)`+`−
is depicted in Fig. 1, and the other five diagrams arise from permutations of the photon and gluon legs. According to the Feynman
diagrams, we can easily give the amplitude of J/ψ → η(′)`+`−:
M = − e
q2
Aαβεα(K)u¯(l1)γβv(l2), (1)
where A (i.e., Aαβεα(K)∗β(q)) is the amplitude of J/ψ → η(′)γ∗, K and ε(K) are the momentum and polarization vector of
J/ψ respectively, q is the momentum of the virtual photon, q2 = m2`+`− is the effective mass squared of the lepton pair, l1 and
l2 are the momenta of the leptons `− and `+ respectively.
J/ψ(K)
η(′)(p)
ℓ−(l1)
q
k1
k2
ℓ+(l2)
f
f¯
u¯p
up
FIG. 1. One typical Feynman diagram for J/ψ → η(′)`+`− with the quark-untiquark content of η(′). The kinematical variables are labeled.
Following the method developed in Refs. [32–34], we divide the amplitude of J/ψ → η(′)γ∗ into two parts. One part describes
the effective coupling between J/ψ, a virtual photon and two virtual gluons, i.e., the process J/ψ → g∗g∗γ∗. The other part
describes the effective coupling between η(′) and two virtual gluons, i.e., the processes g∗g∗ → η(′). Then we just multiply the
two parts, insert the gluon propagators and perform the loop integrations to obtain the final amplitude of J/ψ → η(′)γ∗.
In the rest frame of J/ψ, one can write the amplitude of J/ψ → g∗g∗γ∗ in the form [33–35]
Aαβµν1 εα(K)∗β(q)∗µ(k1)∗ν(k2) =
√
3
∫
d4k
(2pi)4
Tr [χ(K, k)O(k)] , (2)
3where χ(K, k) is the Bethe-Salpeter (B-S) wave function of J/ψ and O(k) is the hard-scattering amplitude. Here √3 is the
color factor and (q) is the polarization vector of the virtual photon. k1, k2 and (k1), (k2) are the momenta and polarization
vectors of the two gluons, respectively. The momenta of the quark c and antiquark c¯ read
f =
K
2
+ k, f¯ =
K
2
− k (3)
with k the relative momentum between the quark c and antiquark c¯. In a nonrelativistic bound state picture, one can reduce the
B-S wave function χ(K, k) to its nonrelativistic form [32, 35]
χ(K, k) = 2piδ(k0)ψ00(k)
[√
1
4M
/ε(K)( /K −M)
]
, (4)
where ψ00(k) is the bound state wave function of S-wave charmonium J/ψ. We may neglect the dependence of the hard-
scattering amplitude O(k) on the relative momentum k in the leading order approximation [6, 35, 36]:
O(k) ' O(0), (5)
because the B-S wave function χ(K, k) is heavily damped on the relative momentum. Using the Fourier transformation of the
bound state wave function ∫
d3k
(2pi)3
ψ00(k) =
√
1
4pi
Rψ(0), (6)
we obtain the well-known result in coordinate space. With the help of the B-S wave function Eq. (4) and the hard-scattering
amplitude Eq. (5) as well as the Fourier transformation Eq. (6), the amplitude of J/ψ → g∗g∗γ∗ can be rewritten as
Aαβµν1 εα(K)∗β(q)∗µ(k1)∗ν(k2) =
1
2
√
3
4piM
Rψ(0)Tr
[
/ε(K)( /K −M)O(0)] , (7)
where the hard-scattering amplitude O(0) reads
O(0) = iQceg2s
δab
6
/
∗(k2)
/k2 − /q − /k1 +M
−2(q + k1) · k2 /
∗(q)
/k2 + /q − /k1 +M
−2(q + k2) · k1 /
∗(k1) + (5 permutations of k1, k2 and q). (8)
What follows is a brief summary of the processes g∗g∗ → η(′). At the leading twist level, the light-cone DA of the meson η(′)
is defined according to [37–39]
〈η(′)(p)|q¯α(x)qβ(y)|0〉 = i
4
fq
η(′)
(
/pγ5
)
βα
∫
duei(u¯p·y+up·x)φq(u), (9)
where the superscript q denotes the light quark (q = u, d, s) and p represents the momentum of η(′). The decay constants fq
η(′)
are defined according to
〈0|q¯(0)γµγ5q(0)|η(′)(p)〉 = ifqη(′)pµ. (10)
Using the light-cone matrix elements of the quark-antiquark content of η(′) Eq. (9), we obtain the amplitude of g∗g∗ → η(′) [40–
42]:
Aµν2 = −i(4piαs)δabµνρσk1ρk2σ
∑
q=u,d,s
fq
η(′)
6
∫ 1
0
duφq(u)
(
1
u¯k21 + uk
2
2 − uu¯m2 −m2q
+ (u↔ u¯)
)
. (11)
Here u¯ = 1 − u, u is the momentum fraction carried by the quark, mq is the mass of the quark (q = u, d, s), m is the mass of
η(′). The light-cone DA is [43]
φq(u) = 6u(1− u)
[
1 +
∑
n=2,4···
cqn(µ)C
3
2
n (2u− 1)
]
(12)
with cqn(µ) the Gegenbauer moments. In table I, we list three models of the DAs discussed in Ref. [43]. Schematically, we also
show their shapes in Fig. 2.
4TABLE I. Gegenbauer coefficients of three sample models at the scale µ0 = 1 GeV.
Model cq2(µ0) c
q
4(µ0) c
g
2(µ0)
I 0.10 0.10 −0.26
II 0.20 0.00 −0.31
III 0.25 −0.10 −0.25
Model I
Model II
Model III
0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.5
1.0
1.5
2.0
u
Φ
q Hu
L
FIG. 2. The shapes of the corresponding DAs with the scale µ = M/2.
Then the final decay amplitude of J/ψ → η(′)γ∗ can be obtained by contracting the above two couplings, inserting the gluon
propagators and integrating over the loop momentum (see [33, 34] for more details)
A = Aαβεα(K)∗β(q) =
1
2
∫
d4k1
(2pi)4
Aαβµν1 A2µν
i
k21 + i
i
k22 + i
εα(K)
∗
β(q), (13)
i.e.,
Aαβ = 1
2
∫
d4k1
(2pi)4
Aαβµν1 A2µν
i
k21 + i
i
k22 + i
. (14)
Considering parity conservation, Lorentz invariance and gauge invariance, we know that
Aαβ ∝ (αβµνpµqν) . (15)
To proceed, we can define the J/ψ → η(′)γ∗ TFF according to
Aαβ = −efQ
ψη(′)(q
2)αβµνpµqν . (16)
With the help of a projection operator
Pαβ = 
αβµνpµqν
λ
1
2 (M2, m2, q2)
(17)
and the normalization condition
PαβPαβ = 1
2
, (18)
the TFF can be rewritten as
fQ
ψη(′)(q
2) = − 2e
−1
λ
1
2 (M2, m2, q2)
PαβAαβ (19)
with λ(a, b, c) ≡ a2 + b2 + c2 − 2(ab+ bc+ ac) the usual Ka¨lle´n function. Substituting Aαβ given in Eq. (14) into Eq. (19),
we obtain
fQ
ψη(′)(q
2) =
e−1
λ
1
2 (M2, m2, q2)
∫
d4k1
(2pi)4
Aαβµν1 A2µνPαβ
1
k21 + i
1
k22 + i
. (20)
5Here we show the analytical expression of the TFF more clearly
fQ
ψη(′)(q
2) =
16Rψ(0)
λ(M2, m2, q2)
Qc(4piαs)
2
3
√
3
√
M
pi
∑
q
fq
η(′)
∫
duφq(u)
∫
d4k1
(2pi)4
(
k21 − k1 · p
)
(M2 −m2 − q2)
×
[(k1 · p (M2 −m2 − q2) (4k1 · q +M2 −m2 − q2)− 2m2k1 · q (M2 −m2 − q2)− 8q2k1 · p2
2D1D2D3D4D5
− λ(M
2, m2, q2)
D2D3D4D5
)
+ (u↔ u¯)
]
, (21)
where the expressions of the denominators read
D1 = k
2
1 + i
D2 = (k1 − p)2 + i
D3 = (k1 − up)2 −m2q + i
D4 =
1
4
[
(2k1 − p− q)2 −M2
]
+ i
D5 =
1
4
[
(2k1 − p+ q)2 −M2
]
+ i. (22)
By using the algebraic identity
1 =
2(D1 +D2 −D4 −D5)
M2 +m2 − q2 , (23)
the TFF fQ
ψη(′)(q
2) in Eq. (21) can be decomposed into sum of four-point one-loop integrals, and then it can be analytically
evaluated with the technique proposed in Refs. [44–46] or the computer program Package − X [47, 48]. By integrating over
the loop momentum k1 and the momentum fraction u, we find that the TFF f
Q
ψη(′)(q
2) is very insensitive to the light quark mass
mq as well as the shapes of η(′) DAs. This is similar to the situations of the dimensionless functions involved in the radiative
decays J/ψ(hc) → γη(′) [6, 7]. Specifically, the change of the modulus of the TFF fQψη(′)(q2) does not exceed 1% when the
value of the light quark massmq varies in the range 0−100 MeV for all the three kinds of η(′) DAs in Fig. 2. So in the following
numerical calculations, we choose the Model I in Table I for the DA with the scale µ = M/2.
It is worthwhile to point out that the QED processes J/ψ → γ∗ → η(′)`+`− can also contribute to the EM Dalitz decays
J/ψ → η(′)`+`− and the corresponding Feynman diagrams are shown in Fig. 3. Then the corresponding TFF fE
ψη(′)(q
2) can be
ℓ−(l1)
ℓ+(l2)
η(′)(p)
J/ψ(K)
ℓ+(l2)
ℓ−(l1)
η(′)(p)
J/ψ(K)
FIG. 3. Feynman diagrams for the QED processes J/ψ → γ∗ → η(′)`+`−. The kinematical variables are labeled.
expressed as
fEψη(′)(q
2) = i
√
3Qc(4piα)
Rψ(0)
M2
√
M
pi
∑
q=u, d, s
Q2qf
q
η(′)
∫
duφq(u)
×
[
1
q2 + u2m2 + u(M2 −m2 − q2)−m2q + i
+ (u↔ u¯)
]
, (24)
where the Qq represents the light quark charge.
62. The contributions of the gluonic content of η(′)
As we have emphasized in Ref. [6], the contributions of the gluonic content of η(′) in the radiative decay processes J/ψ →
η(′)γ can directly come from the tree level and the amplitude is strongly suppressed by the factor m2/M2. Obviously, the situa-
tion should be found in the Dalitz decay processes J/ψ → η(′)`+`−, because the Dalitz decay processes and the corresponding
radiative decay processes have the same spin structures in their amplitudes. The typical Feynman diagram is exhibited in Fig. 4,
and there are the other two diagrams from permutations of the photon and gluon legs.
J/ψ(K)
η(′)(p)
ℓ−(l1)
q
k1
k2
ℓ+(l2)
f
f¯
FIG. 4. One typical Feynman diagram for J/ψ → η(′)`+`− with the gluonic content of η(′). The kinematical variables are labeled.
At the leading twist level, the light-cone matrix elements of the meson η(′) over two-gluon fields can be written as [39, 43, 49]:
〈η(′)(p)|Aaα(x)Abβ(y)|0〉 =
1
4
αβµν
nµpν
p · n
CF√
3
δab
8
f1η(′)
∫
duei(up·x+u¯p·y)
φg(u)
u(1− u) , (25)
where n = (0, 1, 0⊥) is a lightlike vector [49]. Here f1η(′) =
1√
3
(fu
η(′) + f
d
η(′) + f
s
η(′)) is the effective decay constant and the
gluonic twist-2 DA reads [39, 43, 50]
φg(u) = 30u2(1− u)2
∑
n=2,4···
cgn(µ)C
5
2
n−1(2u− 1). (26)
After a series of calculations, the corresponding TFF fG
ψη(′)(q
2) can be expressed as
fGψη(′)(q
2) = i
8Rψ(0)
λ(M2, m2, q2)
Qc(4piαs)
9
√
M
pi
f1η(′)
∫
du
φg(u)
u(1− u)
m2(M2 −m2 − q2)(1− 2u)
[(M2 − q2)2 −m4(1− 2u)2] . (27)
Clearly, there is a suppression factor ofm2 (or, a dimensionless factorm2/M2) in the TFF fG
ψη(′)(q
2) of Eq. (27). As pointed out
in Ref. [6], the leading twist gluonic content contributions are almost two on-shell gluons contributions, which are suppressed by
the factorm2/M2 due to the special form of the Ore-Powell matrix elements as found in Refs. [51, 52] years ago. In addition, the
contributions from the gluonic content of η(′) are supposed to be small since the gluonic content can be seen as the higher-order
effects from the point of view of the QCD evolution of the gluon DA.
Based on the foregoing discussion, in the large recoil momentum region, the J/ψ → η(′)γ∗ TFF can be obtained by
fHψη(′)(q
2) = fQ
ψη(′)(q
2) + fEψη(′)(q
2) + fGψη(′)(q
2), (28)
which includes the dynamical information from the QCD and QED processes. And all these contributions can be calculated in
the framework of pQCD.
B. Soft mechanism
In the small recoil momentum region, the pQCD approach becomes invalid in the EM Dalitz decay processes J/ψ →
η(′)`+`−. And the dominant contributions to the J/ψ → η(′)γ∗ TFF come from the soft mechanism, which can be treated
as the soft wave function overlap. phenomenologically, we can adopt an empirical form factor [31, 53]:
fSψη(′)(q
2) = gψη(′) exp
(
− q
2
8β2
)
, (29)
7where gψη(′) denotes the J/ψ − η(′) − γ∗ coupling and is determined by the continuity condition of the TFF between the large
and small recoil momentum regions, and the parameter β is in a range of 300 − 500 MeV [31, 53]. Our numerical analysis
indicates that a large value of β = 450 MeV is favored, since some part of the hard contributions, which come from the hard
processes by the continuity condition, would be absorbed into the parameter gψη(′) .
So, in the whole recoil momentum region, the J/ψ → η(′)γ∗ TFF can be expressed as
fψη(′)(q
2) =
{
fH
ψη(′)(q
2) q2 ≤ 1 GeV2,
fS
ψη(′)(q
2) q2 > 1 GeV2.
(30)
Although we can clearly separate the hard contributions in the large recoil momentum region and the soft contributions in the
small recoil momentum region, how to match these two contributions at intermediate recoil is an open problem. Even so, our
description of the J/ψ → η(′)γ∗ TFF may constitute an important step forward towards a satisfactory description.
C. VMD model
In this subsection we will briefly discuss the resonance interaction, which can be described by a VMD model. The VMD
contributing diagram is illustrated in Fig. 5, in which the vector meson V includes the light mesons ρ, ω and φ. The effective
J/ψ(K)
γ∗(q)
η(′)(p)
V (q)
FIG. 5. Schematic diagram for J/ψ → η(′)γ∗ in the frame of VMD. The kinematical variables are labeled.
Lagrangian for J/ψ − V − P coupling can be written as [31, 53–55]:
LψV P = gψV P (q
2)
M
αβµν∂
αψβ∂µV νP, (31)
where V ν (V = ρ, ω, φ), ψβ (ψ = J/ψ) and P (P = η(′)) are the corresponding vector and pseudoscalar meson fields,
gψV P (q
2) = gψV P exp
(
−q2
8β2
)
is dimensionless coupling constant (see Refs. [31, 53] for more details) and the undetermined
constant gψV P can be determined by the decay process J/ψ → V P . Following the effective Lagrangian of Eq (31), one can
easily derive the undetermined constant:
gψV P =
(
96piM5Γexp
J/ψ→V η(′)
λ
3
2 (M2, m2V , m
2)
) 1
2
exp
(
λ(M2, m2V , m
2)
32M2β2
)
, (32)
wheremV is the mass of the vector meson V . And the effective Lagrangian for V −γ∗ coupling can be described as [31, 53, 56]:
LV γ∗ = em
2
V
fV
VµA
µ, (33)
where em2V /fV is the photon-vector-meson coupling constant, A
µ denotes the EM field. The undetermined constant fV can be
extracted from the decay process V → e+e−:
| fV |=
(
4piα2mV
3ΓexpV→e+e−
) 1
2
. (34)
Then the corresponding TFF can be read as
fVψη(′)(q
2) = −i gψV P (q
2)m2V
MfV (q2 −m2V + imV ΓV )
, (35)
8where ΓV is the full width of the vector meson V . When the intermediate vector meson is near the on-mass-shell, we have
fVψη(′) ∼
(
Γexp
J/ψ→V η(′)
ΓV
) 1
2
Bexp(V → e+e−) 12 , (36)
which means that the TFFs fρ
ψη(′) are an order of magnitude smaller than the TFFs f
ω, φ
ψη(′) due to the smaller decay widths
Γexp
J/ψ→ρη(′) and branching ratio Bexp(ρ → e+e−) as well as the larger full width Γρ [57]. It is worth noting that there is still
some open questions, such as the sign ambiguity in the generalized amplitude from the intermediate vector mesons (ρ, ω, φ)
and the off-mass-shell effects of the coupling constants, and more discussions could be found in Ref. [54].
III. RESULTS AND DISCUSSIONS
The q2-dependent differential decay widths of J/ψ → η(′)`+`− can be expressed as
dΓ(J/ψ → η(′)`+`−)
dq2
=
1
3
α2
24piM3
| fψη(′)(q2) |2
q2
(
1 +
2m2`
q2
)(
1− 4m
2
`
q2
) 1
2
λ
3
2 (M2, m2, q2), (37)
where m` is the lepton mass. In order to remove most part of the uncertainties from the TFF fψη(′)(q2), we relate the differential
decay widths dΓ(J/ψ → η(′)`+`−) to the corresponding radiative decay widths Γ(J/ψ → η(′)γ):
dΓ(J/ψ → η(′)`+`−)
dq2Γ(J/ψ → η(′)γ) =
α
3pi
| Fψη(′)(q2) |2
1
q2
(
1 +
2m2`
q2
)(
1− 4m
2
`
q2
) 1
2 λ
3
2 (M2, m2, q2)
(M2 −m2)3 , (38)
where Fψη(′)(q2) ≡ fψη(′)(q2)/fψη(′)(0) is the normalized TFF, and the normalization is Fψη(′)(0) = 1.
In the following numerical calculations, all the values of meson masses and full widths as well as the involved decay widths
and so on are quoted from the PDG [57]. The QCD running coupling constant is adopted αs(M/2) = 0.34, which is calculated
through the two-loop renormalization group equation. For the value of the radial wave function at the origin Rψ(0), we adopt
the result of the Cornell potential model [58–60]
|Rψ(0)|2 = 1.454 GeV3. (39)
For η − η′ system, by using the FKS scheme [30], the effective decay constants fq
η(′) are parameterized as
fu(d)η =
fq√
2
cosφ, fsη = −fs sinφ,
f
u(d)
η′ =
fq√
2
sinφ, fsη′ = fs cosφ, (40)
and the following definitions have been used [30, 61, 62]
〈0|Jqµ5(0)|ηq(p)〉 = ifqpµ, 〈0|Jqµ5(0)|ηs(p)〉 = 0,
〈0|Jsµ5(0)|ηs(p)〉 = ifspµ, 〈0|Jsµ5(0)|ηq(p)〉 = 0, (41)
with the currents Jqµ5 = 1/
√
2(u¯γµγ5u + d¯γµγ5d) and Jsµ5 = s¯γµγ5s. Here the phenomenological parameters i.e., the mixing
angle φ and the decay constants fq(s), can be determined by different methods [30, 63–68]. In Table II, we list the typical three
sets of values for the phenomenological parameters [63, 67]. The parameters φ, fq and fs in the first line are extracted from the
low energy processes (LEPs) V → η(′)γ, η(′) → V γ (V = ρ, ω, φ) [63]. The parameters in the second line are extracted from
η TFF Fγ∗γη(Q2 → +∞) [67]. Obviously, these parameters both in the first and second lines are compatible with the known
FKS results [30]. While in the third line, the parameters are extracted from η′ TFF Fγ∗γη′(Q2 → +∞) [67] which is fairly
consistent with the BABAR measurements in the timelike region at q2 = 112 GeV2 [69].
Before stepping into our numerical analysis of the branching ratios B(J/ψ → η(′)`+`−), we firstly discuss the normalized
TFF Fψη(′)(q2). In the experimental aspect, the dependence of the modulus square of the normalized TFF |Fψη(q2)|2 on the
dielectron invariant mass me+e− was explored for the first time by the BESIII Collaboration [8]. In Fig. 6, we show our
results with the three sets of the parameter values from the Table II and the experimental data from Ref. [8]. We find the
modulus of the normalized TFF |Fψη(q2)|2 is insensitive to the three sets of the parameter values, especially in the large recoil
momentum region (i.e., the small dielectron invariant mass me+e− ). This is because many contributions caused by the three
phenomenological parameters can be expected to cancel to some extent in the normalized TFF Fψη(′)(q2). To be precise, in
9TABLE II. The values of φ, fq and fs obtained with three phenomenological approaches [63, 67]
φ◦ fq/fpi fs/fpi
LEPs [63] 40.6± 0.9 1.10± 0.03 1.66± 0.06
ηTFF [67] 40.3± 1.8 1.06± 0.01 1.56± 0.24
η′TFF [67] 33.5± 0.9 1.09± 0.02 0.96± 0.04
Η'TFF
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FIG. 6. The dependence of the modulus square of the normalized TFF |Fψη(q2)|2 on the dielectron invariant mass me+e− (or, q2). The
solid line, dashed and dash-dotted lines correspond to the three sets of parameter values, namely η′TFF, ηTFF and LEPs listed in Table II,
respectively. The orange dots with error bars are experimental data [8].
the hard processes, if we neglect the QED contributions, the normalized TFF Fψη(q2) would be completely independent of
the three phenomenological parameters. In addition, our results are roughly consistent with the experimental data. The small
discrepancies in some certain regions maybe come from the resonance interaction between photons and hadrons (i.e., the VMD
contributions). As an illustration, we schematically show the VMD corrections in Fig. 7, where the solid blue line (Fig. 7(a))
and the blue dots with error bars (Fig. 7(b)) are the results corresponding the set of parameter values of η′TFF. We find that
the variation tendency of |Fψη(q2)|2 is in accord with that of the experimental data when considering the VMD corrections.
Interestingly enough, there are only two peaks, rather than three (corresponding the three vector mesons ρ, ω and φ) in Fig. 7(a).
As we mentioned earlier, this is because the contribution of the vector meson ρ is an order of magnitude smaller than that of
the vector meson ω. Moreover, the masses of mesons ρ and ω are very close to each other. So the low peak of the meson ρ is
completely absorbed into that of the meson ω. Furthermore, it should be noted that the VMD contributions are negligibly small
in the branching ratios B(J/ψ → η(′)`+`−) due to the very narrow peaks (see Fig. 7(a)) and the suppression of the kinematic
factors in Eq. (37) (or, Eq. (38)).
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FIG. 7. The dependence of the modulus square of the normalized TFF |Fψη(q2)|2 on the dielectron invariant mass me+e− . (a) The solid blue
line shows the modulus square of the normalized TFF |Fψη(q2)|2 as a function of me+e− (or, q2). (b) The blue dots with error bars are our
results and the orange dots with error bars are experimental data [8].
By using the normalized TFF Fψη(′)(q2) (i.e., the Eq. (38)), we obtain the numerical results of the branching ratios B(J/ψ →
ηe+e−), B(J/ψ → η′e+e−) and their ratio ReJ/ψ = B(J/ψ → ηe+e−)/B(J/ψ → η′e+e−) in Table III. It is clear that all
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the numerical results of the branching ratios B(J/ψ → η(′)e+e−) and their ratio ReJ/ψ are agreement with their experimental
values [8, 9], especially the ratio ReJ/ψ . As discussed before, we also find that these numerical results barely depend on the three
phenomenological parameters. The main reason is that the normalized TFF Fψη(′)(q2) would gloss over a lot of the dynamical
information, such as the η− η′ mixing. Considering the VMD corrections, we also obtain the numerical results of the branching
ratios B(J/ψ → η(′)e+e−) and their ratio ReJ/ψ with the set of the parameter values of η′TFF, and these results are presented in
Table IV. Schematically, the differential branching ratio of J/ψ → ηe+e− is shown in Fig. 8 with the set of the parameter values
of η′TFF and our results are in rough agreement with the experimental data [8]. From Tables III and IV, we find that the VMD
corrections are very small in the branching ratiosB(J/ψ → η(′)e+e−). The main reason is that the kinematic factors suppress the
contributions from VMD as well as the contributions from the small recoil momentum region. Specifically, the VMD corrections
do not exceed 3% in the branching ratios B(J/ψ → η(′)e+e−), especially for the branching ratio B(J/ψ → η′e+e−). This
implies that the VMD contributions could be neglected in the EM Dalitz decay processes J/ψ → η(′)`+`−.
TABLE III. The branching ratios B(J/ψ → η(′)e+e−) and their ratio ReJ/ψ using the normalized TFF Fψη(′)(q2).
LEPs η TFF η′ TFF Exp. [8, 9]
B(J/ψ → ηe+e−) 1.21× 10−5 1.22× 10−5 1.28× 10−5 (1.43± 0.04± 0.06)× 10−5
B(J/ψ → η′e+e−) 5.75× 10−5 5.75× 10−5 5.75× 10−5 (6.59± 0.07± 0.17)× 10−5
ReJ/ψ 21.0% 21.2% 22.3% (21.7± 1.2)%
TABLE IV. The branching ratios B(J/ψ → η(′)e+e−) and their ratio ReJ/ψ with the VMD corrections using the normalized TFF Fψη(′)(q2).
B(J/ψ → ηe+e−) B(J/ψ → η′e+e−) ReJ/ψ
η′TFF 1.32× 10−5 5.77× 10−5 22.9%
Exp. [8, 9] (1.43± 0.04± 0.06)× 10−5 (6.59± 0.07± 0.17)× 10−5 (21.7± 1.2)%
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FIG. 8. The differential branching ratio of J/ψ → ηe+e− with the set of the parameter values of η′TFF listed in Table II. The blue dots with
error bars are our results ((a) neglecting the VMD contributions, (b) including the VMD contributions) and the orange dots with error bars are
experimental data [8].
As discussed before, by using the normalized TFF Fψη(′)(q2), some of the dynamical information would be covered up,
especially for the information of η − η′ mixing. Consequently, we would employ the TFF fψη(′)(q2) (i.e., the Eq. (37)) rather
than the normalized TFF Fψη(′)(q2) (i.e., the Eq. (38)) to calculate the branching ratios B(J/ψ → η(′)e+e−). Our numerical
results are presented in the Table V. At first glance, for the two sets of parameter values LEPs and ηTFF, the branching ratio
B(J/ψ → ηe+e−) is estimated to be too small, which results in ReJ/ψ two orders lower than the experimental value. It is
interesting to note that the branching ratios B(J/ψ → ηe+e−), B(J/ψ → η′e+e−) and their ratio ReJ/ψ are comparable with
their experimental values [8, 9], when we adopt the set of parameter values of η′TFF. This situation is similar to that in the
radiative decay processes J/ψ → η(′)γ [6] and hc → η(′)γ [7]. Although there are some large uncertainties included in the
TFF fψη(′)(q2) (such as the wave function of J/ψ and the QCD running coupling constant αs), it is clear that the dynamical
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information from the η − η′ mixing plays an important role in the EM Dalitz decay processes J/ψ → η(′)e+e−. Our results
indicate that a smaller value of the mixing angle φ (∼ 34◦) is favored in the decay processes J/ψ → η(′)e+e−.
TABLE V. The branching ratios B(J/ψ → η(′)e+e−) and their ratio ReJ/ψ using the TFF fψη(′)(q2).
LEPs η TFF η′ TFF Exp. [8, 9]
B(J/ψ → ηe+e−) 3.43× 10−7 4.93× 10−7 9.21× 10−6 (1.43± 0.04± 0.06)× 10−5
B(J/ψ → η′e+e−) 7.34× 10−5 6.63× 10−5 3.90× 10−5 (6.59± 0.07± 0.17)× 10−5
ReJ/ψ 0.5% 0.7% 23.6% (21.7± 1.2)%
In general, one can expect that the prediction of a ratio is more reliable, since many uncertainties from the numerator and
denominator of the ratio are usually cut down to a large extent. Hence we can reliably extract the phenomenological parameters
of η − η′ mixing by using the ratio ReJ/ψ . To proceed, along very similar lines as Refs. [6, 7], we present a determination of the
three phenomenological parameters by the ratio ReJ/ψ
ReJ/ψ =
∫
dq
|fψη(q)|2
q
(
1 +
2m2e
q2
)(
1− 4m2eq2
) 1
2
λ
3
2 (M2, m2η, q
2)∫
dq
|fψη′ (q2)|2
q
(
1 +
2m2e
q2
)(
1− 4m2eq2
) 1
2
λ
3
2 (M2, m2η′ , q
2)
(42)
(here the integration variable q is the dielectron invariant mass me+e− ), as well as the decay widths
Γ(η → γγ) = α
2m3η
288pi3
(
5
fq
cosφ−
√
2
fs
sinφ
)2
(43)
and
Γ(η′ → γγ) = α
2m3η′
288pi3
(
5
fq
sinφ+
√
2
fs
cosφ
)2
. (44)
Then comparing the experimental values [8, 9, 57, 70]
Re expJ/ψ = (21.7± 1.2)%, Γexp(η → γγ) = 0.516(18) KeV, Γexp(η′ → γγ) = 4.36(14) KeV (45)
with the theoretical predictions shown in Eqs. (42), (43) and (44), we obtain the three phenomenological parameters
fq = (1.09± 0.01)fpi, fs = (0.98± 0.03)fpi, φ = 34.0◦ ± 0.6◦. (46)
Schematically, we show the dependence of the ratio ReJ/ψ on the mixing angle φ in Fig. 9.
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FIG. 9. The dependence of the ratio ReJ/ψ on the mixing angle φ. The blue band is our calculated results with the uncertainties from the
Γexp(η(′) → γγ). The yellow band denotes the experimental value of ReJ/ψ with 1σ uncertainty.
It shows that our results of the three phenomenological parameters (φ, fq and fs) are in good accord with the η′TFF re-
sults [67], but in clear disagreement the LEPs results [63] and the ηTFF results [67]. In addition, the present results are consistent
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with our previous determinations [6, 7], which were extracted from the ratios RJ/ψ and Rhc in the framework of pQCD. The
discrepancy in the determinations of the phenomenological parameters [6, 7, 30, 63, 67] may indicate an incomplete understand-
ing of η − η′ mixing scheme. As the ω − φ mixing [71, 72], the η − η′ mixing may also be an energy-dependent mixing. No
matter what it is, the η − η′ mixing is worthy of a further investigation. And it is worth pointing out that these Dalitz decay
processes J/ψ → η(′)`+`− would provide a good platform to study the issue of η − η′ mixing.
Using our results of the three phenomenological parameters in Eq. (46), the branching ratios B(J/ψ → ηµ+µ−), B(J/ψ →
η′µ+µ−) and their ratio RµJ/ψ = B(J/ψ → ηµ+µ−)/B(J/ψ → η′µ+µ−) can be predicted. Substituting the experimental
values Γexp(J/ψ → η(′)γ) [57] into Eq. (38), we predict
B(J/ψ → ηµ+µ−) = 3.64× 10−6, B(J/ψ → η′µ+µ−) = 1.52× 10−5, RµJ/ψ = 23.9%, (47)
where the uncertainties (we do not present) come mainly from Γexp(J/ψ → η(′)γ) [57], and the full uncertainties are expected
to be less than 5%. As we have already mentioned, it is because most part of uncertainties caused by the TFF fψη(′)(q2) can be
removed by the normalized TFF Fψη(′)(q2) in Eq. (38).
IV. SUMMARY
In this work, we present a complete pQCD analysis of the EM Dalitz decays J/ψ → η(′)`+`− for the first time. In the large
recoil momentum region, these decay processes are studied in detail with the pQCD approach. The bound state properties of J/ψ
are parameterized by its B-S wave function, while η(′) are described by their light-cone DAs due to the large recoil momentum.
Then the involved one-loop integrals are carried out analytically. Interestingly enough, we find that the TFFs fψη(′)(q2) with
small q2 are insensitive to the light quark masses and the shapes of the η(′) DAs, which are in line with the conclusion given in
our previous work [6]. In addition, the soft contributions from the small recoil momentum region and the VMD corrections have
also been taken into account, and the VMD corrections are negligible in the branching ratios B(J/ψ → η(′)`+`−). Furthermore,
by using the ratioReJ/ψ and the decay widths Γ(η
(′) → γγ) as well as their experimental values, we obtain the phenomenological
parameters of η−η′ mixing, i.e., fq = (1.09±0.01)fpi , fs = (0.98±0.03)fpi and φ = 34.0◦±0.6◦, which are fairly consistent
with the set of parameter values of η′TFF in Table II. Besides, the values of the phenomenological parameters obtained in this
work are accord with our previous results extracted from the ratios RJ/ψ (Rhc ) in the decay processes J/ψ(hc)→ η(′)γ [6, 7].
This may imply that a smaller value of the mixing angle φ (∼ 34◦) is favored in charmonium physics.
With the extracted phenomenological parameters fq , fs and φ, we predict the branching ratios B(J/ψ → ηµ+µ−) = 3.64×
10−6, B(J/ψ → η′µ+µ−) = 1.52 × 10−5 and their ratio RµJ/ψ = 23.9%. Because of the similar dynamics properties, the
approach adopted in this work can also be applied to other Dalitz decays of charmonia, such as hc → η(′)`+`− and ψ(2s) →
η(′)`+`−, which provide good ground for studying the issue of η − η′ mixing and are worthy of a further investigation in both
experiment and theory.
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